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A comparison of computational methods used in the calculation of nozzle aftbody flows at subsonic and
transonic speeds is presented. One class of methods reviewed are those which patch together solutions for the
inviscid, boundary-layer, and plume flow regions. The second class of methods reviewed are those which
computationally solve the Navier-Stokes equations over nozzle aftbodies with jet exhaust flow. Computed
results from the methods are compared with experiment. Advantages and disadvantages of the various methods
are discussed along with opportunities for further development of these methods.

Nomenclature
Chop = boattail pressure drag coefficient
Cp = pressure coefficient
c, =specific heat at constant volume
<, =specific heat at constant pressure
D = maximum diameter of body
Dg = diameter of nozzle exit
dg =diameter of nozzle base
E =mean total energy
J =transformation Jacobian
/ =length of nozzle boattail
M =Mach number
NPR =ratio of nozzle total pressure to freestream
static pressure
P =static pressure
§2 =total pressure
D2 =impact pressure measured with a pitot tube
Py =molecular Prandtl number .
Pgr. = turbulent Prandtl number
R =gas constant
Re =Reynolds number
r =radial distance
T =temperature
u,U = velocity in axial direction
v = velocity normal to axis
X =axial. distance downstream of start of nozzie
boattail
Ax =axial distance downstream of nozzle exit
y = general radial coordinate
Z = general axial coordinate
@ =angle of attack
Yy =ratio of specific heats
6 =boundary-layer thickness
6* = boundary-layer displacement thickness
€ =turbulent eddy viscosity coefficient
0 = general angular coordinate '

Presented as Paper 81-1694 at the AIAA Aircraft Systems and
Technology Conference, Dayton, Ohio, Aug. 11-13, 1981; submitted
Sept. 3, 1981; revision received May 17, 1982. This paper is declared a
work of the U.S. Government and therefore is in the public domain.

*Assistant Head, Propulsion Aerodynamics Branch, Transonic
Aerodynamics Division. Member AIAA.

tAerospace Engineer, Flight Dynamics Laboratory. Member
AlAA.

A = constant in relaxation eddy viscosity model of
Shang and Hankey :

w =laminar viscosity coefficient

0 = density

T =shear stress

¥ = stream function

Subscripts

e =edge

eff =effective

J =jet

sep = separation

% =freestream

1,2 =inner, outer mixing layer

computational boundary

Introduction

LOW over nozzle boattail configurations at subsonic and

transonic speeds is dominated by strong viscous/inviscid
interaction effects. As illustrated on Fig. 1, this flow is
characterized by very thick boundary layers, strong pressure
gradients which may cause the boundary layer to separate, a
jet exhaust plume that may grow or diminish in size depending
on nozzle pressure ratio, and a large viscous mixing region
between the jet and external flow. If the flow is transonic,
shock waves will also be present. Because of these strong
viscous/inviscid interactions, inviscid theoretical methods
have been found to be inadequate for predicting nozzle/aft-
body flow. In the past, therefore, wind tunnel testing has been
the primary means for determining afterbody drag as well as
the detailed flow characteristics resulting from nozzle/aft-
body interactions.

In recent years, a considerable effort has been underway to
develop analytical procedures for predicting the drag and flow
characteristics over nozzle/aftbodies. Primary emphasis to
date has been directed at developing prediction techniques for
uninstalled nozzle configurations at zero or low angles of
attack. The procedures developed have included the follow-
ing: 1) empirical methods for predicting nozzle pressure drag,
2) the patched inviscid/viscous interaction technique,!!3
3) the velocity-split method,* and 4) solutions of the Navier-
Stokes equations. !

The purpose of the present paper is to assess the current
status of the patched inviscid/viscous interaction technique
and solutions of the Navier-Stokes equations for predicting
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nozzle afterbody flow. No discussion of empirical methods or
. the velocity-split method will be provided. A detailed
description of the ‘axisymmetric patched inviscid/viscous
interaction method of Wilmoth*!® will be given along with
comparisons with experiment to indicate its capabilities.
Results of a survey of Navier-Stokes solutions available in the
" open literature for nozzle flow will be discussed with special
emphasis on the similarities and differences of these solutions.
Typical results from Navier-Stokes solution codes will be
presented to illustrate their capabilities. Finally, some
discussion-of future computational needs will be provided.

Discussion
Patched Inviscid/Viscous Interaction Method

The patched inviscid/viscous methods!!3 that have been
developed for predicting nozzle aftbody flows are limited to
axisymmetric conditions. For this method, the flow about the
nozzle boattail is subdivided into several regions (see Fig. 2).
In general, these regions include 1) the essentially inviscid
external flow, 2) the boundary-layer flow over the nozzle
surfaces, 3) the essentially inviscid jet exhaust, and 4) the
mixing layer between the jet exhaust and the external stream.
In the various patched solutions available in the open
literature, the boundary-layer growth effects on the nozzle
external surfaces are generally modeled using an effective
surface determined by the boundary-layer displacement
thickness. Some researchers, however, have modeled this
effect using a mass injection boundary condition.!* Various
approaches have been used to model the shear flow resulting
from the mixing between the external stream and jet. Usually
this effect has been modeled with an *‘effective body’’ concept
whereby a displacement-thickness-like correction is applied to
the inviscid jet boundary. In this manner both the jet plume
entrainment and growth effects are included simultaneously
in the solution. After subdividing the flow, each region is
computed iteratively using whatever equation set and solution
methodology the analyst deems appropriate. For example, the
external flow could be computed using a linear panel method
solution of the Laplace equations with a compressibility
correction or it could be computed using a finite-difference
solution of the nonlinear full potential flow equations. The
boundary-layer equations can be solved using any of several
integral techniques or with a finite-difference technique.
Some researchers have used the inverse boundary-layer
concept where a displacement thickness is specified and an
edge velocity is computed to match with the external flow,'>!3
For the jet exhaust plume most researchers use a supersonic
marching solution. Jet entrainment effects have been modeled
in many ways, from simply setting the skin friction equal to
zero in the boundary-layer solution to solving the parabolic
shear layer equations.

The final ingredient in the patched solution is the scheme
used to iterate between the solutions in the various flow
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Fig. 1 Schematic of nozzle afthody flow.
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regions. Generally the approach has been to use the pressures
along the “‘effective’’ body as the matching parameter; that
is, the external flow over the ‘‘effective’” body is computed.
The pressures from this solution are fed into the boundary-
layer solution, jet exhaust flow solution, and jet-mixing layer
solutions to provide a correction to the displacement surface.
The updated “‘effective’’ body is then used for the next ex-
ternal flow calculation. Those researchers!>!* who use the
inverse boundary-layer approach assume a boundary-layer
displacement surface, compute the edge velocities with both
the external flow and viscous flow solutions, and then modify
this displacement thickness by some relaxation scheme.

In general, the patched inviscid/viscous interaction
methods available!"!* all provide reasonable predictions of
nozzle pressure distributions at subsonic and transonic
speeds. The boattail pressure drag predicted by these methods
vary considerably in accuracy. Wilmoth*!0 has developed a
patched method that provides very good predictions of nozzle
surface pressure distributions, nozzle pressure drag, and
nozzle flowfield characteristics. Wilmoth’s method is also
capable of predicting the effects of jet exhaust temperature,
composition, and chemistry. This method has therefore been
selected for further discussion to illustrate in some detail the
patched technique.

Wilmoth subdivides the flow into the regions shown on Fig.
2. The inviscid external flow is solved using the South and
Jameson relaxation solution for the transonic full potential
flow equation.?%?” Computation of the inviscid jet exhaust
plume is accomplished using Dash’s shock-capturing/shock-
fitting solution of the Euler equations.?® The boundary-layer

. flow over the nozzle external surface is computed using a

modified Reshotko-Tucker integral solution.2% In the event
of boundary-layer separation, the procedure developed by
Presz® is used. Presz uses a control volume procedure to
determine the location of the separation point. Then,
downstream of the separation point, a control volume
technique is also used to determine the shape of the
discriminating streamline that separates the reverse flow
region from the outer flow. Once the discriminating
streamline is determined, the boundary-layer displacement
thickness computed by the boundary-layer solution is added.

The effect of the jet-mixing region is accounted for with the
overlaid method of Dash and Pergament.3!32 In this
technique, after the external inviscid flowfield and the inviscid
jet exhaust plume are computed, a viscous marching solution
utilizing streamline coordinates is overlaid on these
flowfields. At each longitudinal station an effective
displacement thickness is computed. If the velocity of the jet
is significantly larger than the external velocity, the ‘‘ef-
fective’’ plume boundary can be smaller than the inviscid jet
boundary (i.e., a negative displacement thickness).

The final ingredient of the patched solution technique is the
iteration scheme. The iteration procedure used by Wilmoth is
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Fig. 2 Computational regions used in patched inviscid/viscous
interaction technique.
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as follows:

1) Calculate the inviscid external flow over the effective
body (for the first iteration, this is the actual body with an
assumed plume shape).

2) Calculate the boundary-layer displacement thickness
using edge conditions from step 1.

3) Calculate the inviscid jet exhaust boundary and flowfield
using pressure along boundary from step 1.

4) Calculate the flow in the mixing region using initial
conditions from step 2, and the flowfields from steps 1 and 3.

5) Update the effective body shape using an under
relaxation technique.

The procedure is repeated until convergence occurs. In
general, convergence requires about ten viscous iterations for
attached boundary-layer solutions and about 20 iterations for
separated boundary-layer calculations. The computation
typically takes about 30 CPU seconds per iteration on a
CYBER 175 computer.

Calculations made by Wilmoth'® are compared with ex-
perimental measurements®® on Figs. 3-8. On Fig. 3, the effect
of including the jet plume entrainment in the solution is
illustrated. Here the pressure distribution over an //D=1.768,
dg/D=0.51 circular arc boattail convergent nozzle operating
at a nozzle pressure ratio (NPR) of 2 and at a freestream
Mach number of 0.4 is shown. When the jet entrainment
effect is neglected in the calculation, the theory overpredicts
the pressures on the nozzle and underpredicts the drag. The
addition of the jet entrainment effect results in a substantial
improvement in the prediction accuracy. Note that the
primary effect of jet entrainment is an increase in the en-

trainment velocity near the nozzle exit. The decay of this *
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Fig. 3 Basic entrainment effect on nozzle boattail/jet interaction.
I/D=1.768, dg/D=0.51 circular arc nozzle at M_=0.4 and
NPR =2.0.
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Fig. 4 Comparison of predictions of patched method with ex-
periment for an //D = 1.768, dg /D = 0.51 circular nozzle at M, =0.8.
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entrainment velocity with axial distance downstream of the
nozzle exit is essentially the same as the case where en-
trainment is neglected.

Figure 4 shows the capability of Wilmoth’s method for
predicting the effect of nozzle pressure ratio (NPR) on
boattail pressure distributions. Here the predictions are
compared with experimental data**3’ obtained at a freestream
Mach number of 0.8 for an //D=1.768, dg/D=0.51 circular
arc nozzle. For this unseparated flow case, the agreement
between the experiment and calculations is excellent.

Figure 5 presents a comparison of the predictions of
Wilmoth’s method with experiment for a nozzle configuration
on which boundary-layer separation occurs. This circular arc
convergent nozzle had an //D=0.8 and dg/D=0.51. The
experimental results were obtained at M, =0.8. For these
calculations Wilmoth used the experimentally obtained
location of separation.’® The predicted pressure distributions
are in good agreement with the experiment.

A comparison of predicted boattail pressure drag with
experiment333 is shown on Fig. 6. For the attached flow
nozzle, the theory underpredicts the drag slightly but correctly
predicts the trend with nozzle pressure ratio. For the nozzle
with a separated boundary layer, the agreement between
experiment and theory is very sensitive to the separation
location. At M, =0.6, using the Presz method for predicting
separation location resulted in very good predictions of the
boattail pressure drag. However, at M, =0.8, using the
separation location predicted by Presz’s method resulted in an
underprediction of the drag. Using the experimentally
determined separation location®® gave good results at
M, =0.8, but resulted in an underprediction of boattail
pressure drag at M, =0.6. (Note that at M, =0.6, the Presz
method predicted a separation location slightly upstream of
the actual location, while at M, =0.8, the Presz. method
predicted a separation location slightly downstream of the
actual location.) It is apparent that further improvements in
the analytical model of boundary-layer separation are
required.

An additional feature of Wilmoth’s theory is the capability
to predict the flowfield surrounding the nozzles. Typical
results are presented on Fig. 7, where comparisons of
predictions with measured total pressure profiles’” in a jet
exhaust are presented. The flow conditions for this case are
M, =0.8, a nozzle pressure ratio of 5, and the total tem-
perature of the jet approximately equal to freestream total
temperature. The jet is exhausting from a convergent nozzle
with a circular arc external geometry with //D=0.8 and
dg/D=0.51. The predictions of the patched method are in
good agreement with experiment. The experimental data show
more mixing of the two streams than predicted. This
discrepancy may be associated with the overlaid shear layer
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Fig. 5§ Comparison of predictions of patched method with ex-
periment for an //D=0.8, dg/D=0.51 circular arc nozzle at
M, =0.8.
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Fig. 7 Total pressure profiles in a jet exhaust from an I/D=0.8,
dg/D =0.51 circular arc nozzle at M, =0.8 and NPR =5.0.

L

Fig. 8 Comparison of predictions of patched method with ex-
periment for an I/D=0.8, dg/D=0.51 circular arc nozzle at
NPR=2.0and M, =0.90 and 0.94.

theory using a too low initial turbulence level for the jet flow
or it may be associated with the turbulence model used in the
mixing calculations.

When the boundary layer separates on the nozzle owing to
shock waves at transonic speeds, the patched method can give
very poor results. As can be seen on Fig. 8, at M, =0.90 and
0.94 the patched method of Wilmoth substantially over-
predicts the surface pressures on the //D=0.8, dg/D=0.51
circular arc nozzle. This discrepancy is associated primarily
with the analytical model of the separation region. To date,
the available patched methods attempt to model this strong
shock-induiced viscous interaction using weak interaction
theory. While the patched inviscid/viscous interaction
method is capable of providing good cheap predictions of
nozzle external flow characteristics at subcritical speeds,
further improvements in the analytical model of the strong
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viscous interaction region are necessary if good predictions
are to be consistently obtained at supercritical speeds.

Solutions of the Navier-Stokes Equations

Generally the elements of the Navier-Stokes codes being
applied to afterbody flows are well-documented, validated
computational techniques.

The Reynolds’ averaged continuity, momentum, and
energy equations are written in conservation-law form as

U oF oG
—t—+ — +H=0
at az ar
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The elements of the stress tensor and heat-flux vector are
given by
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The coefficient of molecular viscosity, u, is given by
Southerland’s relation, and the eddy viscosity, €, is usually
given by an algebraic mixing length model. The specification
of an equation of state for the gas, usually the perfect gas
model, completes the system of equations,

The governing Navier-Stokes equations are numerically
solved in a transformed computational x,y plane. The
governing equations in the computational plane can. be
written as

U, OF 3G O G .
— X, — -— ~—+y,—— +H=
ar " ax TN ax Yiay Ty

The derivatives in the definitions of the components of the
stress tensor and heat-flux vector are expanded in the same
manner. The transformation derivatives x,, x,, y,, and y, are
determined from the relations

x,=Jr

¥ yzz_‘]rx Xr=_']zy

J=xzyr—xryz=1/(zxry —Zyrx)

yr=Jz,
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ADAPTIVE
Fig. 9 Finite-difference grids in the physical domain used in
solutions of the Navier-Stokes equations.
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Fig. 10 Navier-Stokes solution of Swanson!’ for flow over
dg /D =0.51 circular arc boattail nozzles with solid plume simulators.

where the subscripts indicate partial differentiation, and
where J is the transformation Jacobian. The derivatives are
computed numerically.

Several algorithms are being used to solve the governing
equations. The most widely used algorithm is the explicit
predictor-corrector finite-difference scheme of MacCor-
mack.® This algorithm results in robust codes which are
efficient on vector processors. The implicit method of Beam
and Warming®® using approximate factorization of the
algorithm operators is also being used to solve the governing
equations. Fourth-order dissipation terms* are added ex-
plicitly to both methods in order to produce stable shock wave
transitions.

The computational grids used for afterbody jet flows
generally have been either a sheared grid!>'71%2* or an
adaptive grid,'®?%25 (see Fig. 9). The sheared grid provides
good resolution in the high gradient regions of the boundary
layer, but may not necessarily provide good resolution in the
high gradient regions of the jet-mixing layer. The adaptive
grid allows a fine mesh region to remain in the high gradient
mixing layer between the jet and freestream flow as the
solution tends towards convergence. The streamwise grid lines
arc generally aligned with the afterbody and jet streamlines
and are clustered in the body boundary layers and mixing
layers. The transverse or radial grid lines are generally normal
to the body axis and clustered in the afterbody and near-jet
regions. Multistream exhaust nozzle flows have been com-
puted!® with the adaptive grid. Each stream has its own
computational region partially bounded by the adaptive
streamwise grid lines.

The Navier-Stokes equations are parabolic in time and
elliptic in space and hence require initial conditions and
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Fig. 11 Three-dimensional Navier-Stokes solution of Deiwert?® for
flow over aftbodies at angle of attack and M, =0.9. )
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Fig. 12 Navier-Stokes solution of Peery and Forester'® for
multistream exhaust nozzle flow. NPR=2.6 and M, =0.9.

boundary conditions to be specified for the solution domain.
The initial conditions are usually specified by less complex
methods such as patched solution procedures or parabolized
Navier-Stokes solutions. Boundary conditions vary according
to whether the flow at the boundary point in question is
subsonic or supersonic. For inflow boundary points, total
pressure and temperature along with flow angularity are
specified for subsonic points, while all velocities and ther-
modynamic variables are specified for supersonic points.
Subsonic outflow boundaries have only static pressure
prescribed and, at a supersonic outflow, boundary variables
are usually extrapolated. Symmetry is enforced on the cen-
terline while uniform freestream conditions are imposed on
the far-field lateral boundaries.

The transport of momentum and energy by turbulence is
implemented through local eddy viscosity models. The two-
layer algebraic models of Cebeci and Smith* or Baldwin and
Lomax* are in general use for the afterbody boundary layers.
The relaxation eddy viscosity model of Shang and Hankey*
has been applied ‘with reasonable success to separated af-
terbody flows and approximates the relaxation of turbulence
from sudden disturbances towards equilibrium. In the mixing
layer between the jet and freestream, the eddy viscosity is
represented by a mixing length model'® where the length scale
is taken to be the width of the mixing layer. Much research is
still required to experimentally and computationally for-
mulate proper turbulence models for the complex af-
terbody/jet flows.

Numerical solutions of the Navier-Stokes equations are
currently finding applications in a number of afterbody flow
analysis and design procedures. The experimentally based
nozzle design approach is well understood but tends to limit
the design space. This approach can result in suboptimal
configurations in addition to being increasingly -expensive.
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Fig. 13 Effect of algebraic eddy viscosity model on flow over an
I/D=0.8, dg/D=0.51 aftbody at M, =0.8 as shown by Swanson in
Ref. 45.

Numerical simulations of nozzle flows are being used to
augment experimental data bases or to aid in investigation of
anomalies in afterbody performance. Government and in-
dustry are currently active in developing, validating, and
using these codes as they will play a large role in afterbody
design, test, and evaluation in the near future.

Application of the Navier-Stokes codes to axisymmetric
afterbodies is illustrated in Fig. 10. The computations were
performed by Swanson'® on the NASA Langley CYBER 203
computer. The analyses are simulations of attached and
separated flows over circular arc boattails with solid plume
simulators.?® The computed pressure distributions agree well
with the data except in the separated regions, wh,ere the
pressure is overpredicted. The supersonic solutions require §
min, whereas corresponding subsonic solutions require from
1.5 to 2.5 hours to obtain convergence.

Three-dimensional solutions of the Navier-Stokes equa-

- tions for afterbodies have been obtained by Deiwert?® and
Thomas.??* Flowfields about axisymmetric boattail bodies at
angle of attack with solid plume simulators have been
computed by Deiwert. Figure 11 shows a comparison of a
boattail surface pressure between the solution and the ex-
perimental data** at angles of attack from 0 to 6 deg for
transonic flow. The three-dimensional flow characteristics are
simulated quite well. For these solutions the thin shear layer
approximation to the Navier-Stokes equations was solved
using an implicit algorithm on the NASA Ames ILLIAC IV
computer.

Multistream nozzle solutions have been numerically
simulated with the Navier-Stokes methods. These
solutions!'®23 represent significant applications of the Navier-
Stokes methods to nozzle design and augmentation of ex-
perimental data bases. As an example of this capability, the
axisymmetric flowfield about a scale model of JT9D turbofan

* engine was calculated as shown in Fig. 12 at a nozzle pressure
ratio of 2.6 and a freestream Mach number of 0.9. The
computed static pressures on the three external nozzle sur-
faces are compared with measured pressures in Fig. 12. The
agreement between the calculated and measured pressures is
good. This solution required 30 min on a CYBER 175
computer. Note that Refs. 18 and 23 use wall functions and
free slip boundary conditions on the nozzle surfaces which
substantially reduce the computation time required.

The Navier-Stokes computations of afterbody flows are not
yet the panacea they might appear. Much work, numerically
and experimentally, needs to be accomplished. Validation of
the codes is being hindered by the lack of detailed ex-
perimental data. The complexity of the nozzle flowfield, such
as severe pressure gradients, mixing layers, shock-boundary-
layer-induced separations, and  three-dimensional flows,
makes the acquisition and understanding of experimental data
a formidable task. Numerically, faster solution algorithms
and better turbulence models are needed. An example of the
importance of properly modeling the Reynolds’ stresses was
demonstrated by Swanson.*> These Navier-Stokes calcu-
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lations for separated boattail flows using various eddy
viscosity models are shown in Fig. 13 and compared with the
experimental data of Reubush.?* At subsonic conditions, the
algebraic eddy viscosity models of Cebeci and Smith and
Baldwin and Lomax yield similar results of predicting the
expansion well but not reproducing the pressure plateau in'the

“separated region. The use of the relaxation method of Shang

and Hankey (relaxation initiated just upstream of separation)
with the Cebeci-Smith model produces little change in the
pressure distribution over the basic Cebeci-Smith model.
However, by using the relaxation method in conjunction with
the Baldwin-Lomax eddy viscosity model, the separation
region plateau pressure is simulated properly but the ex-
pansion region pressure is not reproduced well. Similar
anomalies occur at supersonic conditions between the various
eddy viscosity models.

Concluding Remarks

As a result of an extensive analytical development, many
methods are available today for predicting the  pressure
distribution and drag of axisymmetric nozzle aftbody con-
figurations. These methods vary in complexity from empirical
procedures to solutions of the Navier-Stokes equations.

The patched inviscid/viscous interaction technique
provides good predictions of nozzle pressure distributions,
nozzle pressure drag, and flowfield characteristics at
reasonable cost. However, this technique does not con-
sistently give good results when strong viscous interactions
and/or shock waves are present. Significant improvements in
the analytical model of separated flow used in these
‘procedures are needed.

Numerical solutions of the Navier-Stokes equations for
afterbody flows are being reported in the literature with in-
creasing regularity. In principle, these methods may be used
to compute complex interacting flows around three-
dimensional aftbodies. Currently, the use of Navier-Stokes in
nozzle aftbody flow analysis is being paced by the flow
turbulence modeling, the data storage requirements, and the
cost of performing the computations. In spite of these hin-
derances, measurable progress has been made and there is
considerable interest in applying Navier-Stokes codes’ in
nozzle design to offset the increasing cost of experimental
testing.
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